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SECTION A
1.
D. 135.5 MPa
[2 marks]
SOLUTION 1
Given g, = 125 MPa, g, = 50 MPa and 7, = 30 MPa
C=O'Z+O'y= 125+50=87.5MPa
2 2
R= \/(GZ > Jy)2 + 7,2 = \/(1252—_50)2 +302 = 48.0 MPa
0, =C+R=2875+48 =135.5MPa
2.
A. Yielding and buckling, respectively
[2 marks]
3.
E. Linear hardening
[2 marks]
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4,
B. 37.5 MPa
[2 marks]
SOLUTION 4
For a rectangular cross-section
I = bd® _ 20 40° = 106666.7 mm*
12 12

The shear stress in a rectangular cross section is given by

_ SAy
Tz

The max shear stress value occurs at the N.A,, therefore y = % =10mmand 4 = 20 X 20 = 400 mm?, the width

of the section, z = 20 mm

_ SAy 20000 x 400 x 10

U= T 1066667 x20 - S/->MPa
Or, for a rectangular cross section:
=1.5 S =1.5x% 20000 =37.5 MP
T= %™ (20><40)_ ke
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5.
E 4= 15625’ B — 15625
1875 3
[2 marks]
SOLUTION 5
Lame’s equations:
B
O A-— T_Z
Og = A+ ﬁ
BCs,
atr = 12.5 mm, o, = —25 MPa
25=A B
B 156.25
atr = 25mm, g, = 0 MPa
0=A4 5
7625
Giving
Ao B
625
and,
25=RB 1 1
B (625 156.25)
25 =B (1 _ 4)
7 \625
Therefore,
625 15625
B=—25x (—) - (5208.2)
-3 3
and,
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B 15625
" 625 1875

(8.333)

6.
C. = %(L—; 3”§2R + 4”5—’33 + nRZ)
[2 marks]
SOLUTION 6
Deflection, u, at the position of and in the direction of load, P, is:
L
apP
cu= i <E + 3mLR + AnR’ + 1tR2>
EI\ 6 2 5
7.
A OA
[2 marks]
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8.
E No
SOLUTION 8
Behaviour is assumed to be all elastic and therefore:
My 9
Iy

where M,, is the moment required to cause yielding.

First yield will occur aty = +§

, i.e. at the top and bottom edges:

bd3 125 x 2253
_O'yXI_O-yx(ﬁ)_Z]"SX(—lZ
3

2 2

Since M < M,,, yielding does not occur.

k -k
-k k
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) = 226,757,812.5Nmm = 226.76kNm
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10.

[2 marks]
SOLUTION 10

Splitting the cross section into two rectangles (a and b) and taking the top and left edges to be the datum edges (AA
and BB, respectively):

$
By
|
AL | 40 A
a i 5
______ |
|
[}
|y
X
<—>:
TR >
X
60| C
b
| 10
1

Total area,

A = (40 x 5), + (55 X 10)y, = 750 mm*

Taking moments about AA:
Ay = Agya + ApYp

(40 x 5% 2.5), + (10 x 55 x 32.5)y,

750 =24.5 mm

Ly =

Similarly, taking moments about BB:

Ax = Aaxa + Abxb
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(5><40><20)a+(55><10><5)b_9

SX = 750 mm
11.
C. Less conservative than the Goodman line
12.
C C
13.
C. 43 MPa
SOLUTION 13
Axial stress
_ F _ 40000 _ 32 MP
% = 4T Tx202 " a
Torsional shear stress
Tr 2x500
I=—= = 40 MPa
] mr3

Maximum shear stress is radius of Mohrs circle, given by:

R =Tmay = \/(%)2 +72= \/(‘”’2—2)2 + 402 = 43 MPa

2
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14.
A. 46 MPa
[2 marks]
SOLUTION 14
B 3+4+v
o =A-—5-—5 pw?r?
B 14+ 3v s 2
og=A+—— 3 pw-r
atr = 0.05(ID), g, = 0 therefore:
B 3+0.3

0=A4 7900 X 209.4% x 0.052

0052 8
0=A-400B —3.57 x 10°

atr = 0.4 (0OD), g, = 0 therefore:

0=a--2 3193600 % 20047 x 0.4

0.42 8

0=A-625B—229x 10°

0 = —393.75B + 22.5 x 10°
therefore:

B = 57142
A =232x10°
Hoop stress at the bore is given by:
og = 23.2%x10° + 507;:22 - ! -;31/ 7900 X 209.4? X 0.052 = 45.9 MPa ~ 46 MPa
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15.

SOLUTION 15

vM vyield criterion for 2D plane stress:

For an internally pressurised cylinder:

Therefore:

16.

2018-2019 MM2MSD Exam Paper Solutions

B. 1.44 MPa

2 _ 42 2
0y =01 +0;, — 0,07

pr
A0 =
pr
Oy = 0y = E

o= (7 + G - ()G

- p2r2 erZ pZTZ B 3(p2T2)
Oy = + - =
y t2 4t2  2t2 4¢2

4ojt? _
3r2

= 1.44 MPa

4 x 2502 x 52
3 x 10002

D. kinematic hardening
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17.
dy 1 x2 (x—6)3
C. E—E(RA?+MO<X—3)—W—+A)
[2 marks]
SOLUTION 17
2 _g)\2
Integrating EI% = Ryx + Mp(x —3)° —w =0 with respect to x gives:
dy x? (x —6)3
Ela= RA7+M0<X—3) —WT+A
R ing this for 2:
earranging this for =

dy 1 x? (x —6)3

= — (R, =+ Mp(x—3)—w——+14

dx EI<A2 ox=3) ~w—g
18.

D. 77 MPa
[2 marks]
SOLUTION 18
Ototat = Omech + Otherm
1) =0= FL + LaAT
total — Y — AE a

Therefore:

F
1= —aATE = =22 X 107% x =50 x 70 x 10° = 77 x 10° Pa = 77 MPa
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19.

20.
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4m2El
LZ

L M?

= fO Eds
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[2 marks]
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SECTION B
21.
(a)
co =mdy =1 X 20 =62.8mm
¢, =mdy
c1 —Ccy=06c=mx0.02=0.063mm
8¢ = coaATmin
Mo = 25 = 0.063 =83.4°C
™o 62.8%X 12 x 1076
[5 marks]
(b)

Applying Lame’s equations for the inner cylinder (1):

O = A1 ——

atr = 5mm, o, =0

0=4, -2
25
Bl - 25A1 (1)
atr = 10 mm, o, = —p (interface pressure)
B,
—p=A, — —
P =% "100
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If we substitute equation (1) into this, we can remove B; from the expression:

(25
p= 1( 100)

And rearrange to give:

A = ——
1 3P
[2 marks]
Therefore:
B; =25x% *
1= 329
_ 100
T3
[2 marks]
Lame’s equations for the outer cylinder (2):
B,
Oz = Ay — Tz
2
Ogy = AZ +T'_2
Atr = 20mm, g, =0
B,
0=4,——
2400
Bz - 400142
Atr = 10 mm, g, = —p (interface pressure)
B,
—p=A4, - —=
P=%2"700

Substitute to remove B; from the expression:
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_a(1 400
p= 2( 100)
And rearrange to give:
A = 1
2= 329
Therefore:
1
3
B, = 400
2= 73 p

The general expressions for the inner cylinder (1) are:

4 25
01 = __(1 __)

3 r?
4 25
o0 ==3v(1+73)

And the general expressions for the outer cylinder (2) are:

1 400
Or2 =3P (1 - r—z)

1 400
T2 =3P (1 r—z)

However, at this stage p is still unknown.

Now need to consider compatibility:

ll+12=l=0.01mm
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Recalling:

as g, = 0, this reduces to:

At the outside of cylinder 1, r = 10 mm,

10 _ 100000 ‘¢

At the inside of cylinder 2, r = 10 mm,

+i, 1 (
10 _ 210000 ‘¢

As:
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u

1
gg = = E(O’g —v(o, + O'Z))

u_l

€9 = —E(Ue —vaoy)

we can now rearrange to determine a value for p:

[1 mark]
N 4N (1,25 (25
vor) = 100000( 3p) 100 ( 100)
i, =137 x 10~*p
[1 mark]
Jo L (LN(y 400 o400
Vor) = 510000 (3 p) 100 ( 100)
i, =937 x10"%p
[1 mark]
i1+i2 =l=0.01mm
1.37 x 10~*p + 9.37 x 10~5p = 0.01
2307 x 10~*p = 0.01
[1 mark]
= 0.01 = 43.3 MP
P=o307x10-% 2 hrd
[2 marks]
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22.
(a)
Paris showed that crack growth can be represented by the following empirical relationship:

da
— = C(AK)™
oy = C(&K)
Where C and m are empirically determined material constants. There are 3 stages in the relationship between Crack

growth Rate and Stress Intensity Factor, as shown in the following figure.

[1 mark]
da
lOg W
da (AK)™
AN )
Stage | Stage Il Stage Il
log(AK¢p) log(AK)
[2 marks]

Stage I: Below AK;, no observable crack growth occurs.

Stage |l: This region shows an essentially linear relationship between Crack growth Rate and Stress Intensity Factor (on
a log-log scale), where m is the slope and C is the vertical axis intercept.

Stage llI: Rapid crack growth occurs and little life is involved.

[1 mark]

(b)

Stress Intensity Factor is given as:

K; =YoVma

[2 marks]
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where the geometry (and therefore boundaries) affect the value of Y. For example, for a for a crack in an infinite plate,
Y =1 and for small values of a/W, Y = 1.12 (where W is the width of the plate).

[1 mark]
Similarly for K;; and K;;;. Where Y is a function of the crack and component (geometry).

[1 mark]
(c)
As mean stress (and therefore R) is increased, fatigue life is decreased as shown in the following figure:

)
. \dN
Increasing R
log(rAK)

[4 mark]

(d)
K, = 1.120Vra
3
K, = 112 X 20y [maey (1)
[3 marks]
where
K, = 175MPaVym

and

gy = 210MPa
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Substituting these values for K; _and g, into (1) gives:

3
175 =1.12 xg X 210 X \/ma,,

2
175 1
e = | ——————| x==0489m = 489mm
112 x £ x 210 T
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23.
(a) Position/orientation of the neutral axis

Resolving M onto principal axes:

Note: The minus signs for —Mp and —M, are due to the components of M on the P and @ axes being in the negative

direction.
[2 marks]
From the triangle above:
-M
sinf = MP
Mp = —Msinf
and,
-M,
cos = TQ
My = —Mcos6
[1 mark]
At the neutral axis:
()
[1 mark]
Q _ Mylp
P Mpl,
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» represents the gradient of the neutral axis on the P — Q axes. Therefore, the angle of the neutral axis with respect

tothe P — Q axes, q, is:

—Msinf X I,

Substituting in values for Ip, I and 6 gives:
L a=176.46°

Therefore, the neutral axis drawn on top of the cross section is as follows:

—McosO X I Ircos@
lysin®

[2 marks]

[1 mark]

P
12 Y
88 Neutral ks
100 - ]10
- A
- x
=T M
- /N‘e/\l\'tra\ axs
7 ||
12
(b) Bending stress at position A
The bending stress at position A can be calculated as:
MpQa  MgPy
oyt == ——* M
Ip Iy
[2 marks]

where P, and Q4 are the co-ordinates of position A on the P — Q axes. In order to find these P — Q co-ordinates, a

translation from x — y to P — Q must be determined as follows:
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. -P
sinf = —=
X
& P, = —xsinf
cosf = —%=
X
~ Q, = —xcos0

cosd =2
y
~ B, = ycos6
sinf = —2
Qy = —ysinf

P=P +P,

~ P = —xsinf + ycos0

Q=Qx+Qy

&~ Q = —xcosf — ysinf

Note: The minus signs for —Py, —Q, and —@Q,, are due to the components of x on the P and Q axes and the
component of y on the Q axis being in the negative direction.

[2 marks]

Using these translations to determine the P — Q co-ordinates:

AtA, xp, = 72.85and y, = 6.54,

2018-2019 MM2MSD Exam Paper Solutions

& Py = —x55in0 + y,cosO

% Qp = —xpc080 — ypsin
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[1 mark]

Substituting in values for x,, y5 and 0 gives:

At A, P, = —29.45and Q, = —66.95
[1 mark]

Substituting values for Mp, My, Ip, Iy, Ps and Q4 into equation (1):

0,4 = —25.087 MPa (compressive)

[1 mark]

(c) Location and value of the maximum compressive bending stress

Maximum compressive bending stress is assumed to occur at position B (same side of the neutral axis as position A,

A

as g, is also compressive) as this appears to be the furthest point from the neutral axis.

p y
Ne\,\“‘a\/a.)i\?’
= A
A=K > x
=T M
B
[1 mark]
At B, xg = —15.15 and yg = —58.46,
[1 mark]
Pg = —xgsinf + ygcosO
and,
Qg = —xgcosf — ygsinf
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Substituting in values for xg, yg and 0 gives:
At B, P = —43.88 and Qg = —14.96
[2 marks]
Substituting values for Mp, My, Ip, Iy, Pg and Qg into equation (1):
0,8 = —75.812 MPa (compressive)
[2 marks]
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24.

Labelling the sections of the beam AB and BC:

-\

=5

Section AB (bending only)

Sectioning the beam along the length AB and drawing a free body diagram (FBD):

[2 marks]
Taking moments about X-X:
MAB = Px
[1 mark]
Substituting this into the equation for Strain Energy in a beam under bending gives,
L L
’ —fMABZd P (gl P 3]
AB = ) 2Er T 2Er) Y T 2EI| 3]
0 0
P2L3
Upg = ——
AB T 6EI
[2 marks]
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Section BC (bending & torsion)

Sectioning the beam along the length BC and drawing an FBD:

[2 marks]

Taking moments about Y-Y:

MBC = Px

and,
TBC == PL
[2 marks]

Substituting these into the equations for Strain Energy in a beam under bending and in a beam under torsion,
respectively, gives:

L L L L

J _fMBCZd +fTBC2d _ P [y +P2L2fd _pe x3L+P2L2[]L
BCT ) 2Er ) 26y Y T 261 ) Y T 26 ) YT 2R3 T 2y MO
0 0 0 0 0
P2L3 P2L3

U =
BC=Gpr T 2G]

[2 marks]
Total Strain Energy
U= Upp + Ugc = Pr + LU (i + l)
3ElI  2G] 2 \3El GJ
[1 mark]
Deflection Calculation using Castigliano’s Theorem
u=6—U=PL3(L+l) (1)
6P 3ElI GJ
[2 marks]
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For a circular cross-section, as shown in the diagram below, the 2" moment of area and polar 2" moment of area, I
and J, respectively, are calculated as follows:

DY _mXS50%_ 206.796.16 mm®
64 64 O >/7bibmm

I =
and,

nD*
J = §(= 21) = 613,591.32 mm*

[2 marks]
Substituting values for P, L, E, I, G and J into equation (1) gives:
u = 82.58 mm
[2 marks]

This deflection is greater than the initial gap between beam tip and the wall (i.e. 82.58 mm > 75 mm), therefore
the tip of the beam does touch the wall.

[2 marks]
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25.
(a)
A=0.02x%x0.03=6x10"*m?
L=0.6m
E =70x10°Pa

AE_6><10‘4 x 70 x 10°

= = X 6
I 06 70 x 10° N/m
[2 marks]
The stiffness matrix of a truss element is:
cos? 0 cos 0 sin 0 —cos? 6 —cos @ sin @
K,] = (A_E) cos@sinfd  sin?@ —cos@sinb —sin? 0
€ L —cos? 6 —cos @ sin @ cos? @ cos@sin @
—cos @ sin @ —sin? 6 cos O sin @ sin? @
Element 1, angle 8 = 75° cos 8 = 0.259 andsin 8 = 0.966
0.067 0.250 —0.067 —-0.250
. _ 6 0.250 0.933 —0.250 -0.933
“[Keal = (70107067 —0250 0067 0250
—0.250 -0.933 0.250 0.933
[3 marks]
Element 2, angle 8 = 180°% cos8 = —1,sinf = 0
1 0 -1 0
_ 6n|] 0 O 0 0
[K.2] = (70 x 10°) 10 1 0
0O 0 0 O
[3 marks]
Overall stiffness matrix for structure
0.067 0.250 -0.067 —-0.250 0 O
0.250 0.933 —-0.250 —-0.933 0 O
—-0.067 -0.250 1.067 0.250 -1 -0
K] = (70 x 10°
K] ( ) —0.250 -0.250 0.250 0.933 O© 0
0 0 -1 0 1 0
0 0 0 O 0 0
[4 marks]
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(b)

Horizontal and vertical components of force at B:

Overall equations:

= (70 x 10°)

Fgy (F3) = 20,000c0s(—15) = 19318 N

Fgy (F4) = 20,000sin(—15) = —5176 N

Applying BCs, u; = u, = us = ug = 0, reduces the problem to:

Applying forces

therefore:

from (1):
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[2 marks]
0.067  0.250 —0.067 —0250 0 0 U
0250  0.933 —0250 —0.933 0 0 U,
—0.067 —0250 1.067 0250 —0.500 —0.500||us
0250 —0250 0250 0933 —0.500 —0.500||ua
0 0  —0500 —0500 0500 0500 ||us
0 0  —0500 —0500 0500 0500 JIlue
Fg]_ o [1.067  0.2507 [Us
[F4 = (70x10 )[0.250 0.933] L]
193187 _ o [1.067  0.2507 [Us
—5176] = (70x10 )[0.250 0.933] [u4]
[2 marks]
19318 = (7.47 x 107)uz + (1.75 x 107)u, (1)
—5176 = (1.75 x 107)uz + (6.53 x 107)u, 2)
19318 — (1.75 x 107)u,
Us = 7.47 x 107
" us = 2.586 x 10~* — 0.23u,
28
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subs this into (2):
—5176 = 1.75 X 107(2.586 x 10~* — 0.23u,) + (6.53 X 107)u,
& —5176 = 4.526 X 103 + (6.1275 x 107)u,

5176 — 4526 x 103
S =TT 1275 x 107

~uy=-1.584x10"*m

[2 marks]
subs this into (1)
19318 - 1.75 X 107 x — 1.584 x 10™*
H = 747 X 107
~u3=2.957x10"*m
[2 marks]
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